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Abstract. Deformations of Dubrovin's Hurwitz Frobenius manifolds are constructed. The 
deformations depend on g{g+l)/2 complex parameters where g is the genus of the corresponding 
Riemann surface. In genus one, the flat metric of the deformed Frobenius manifold coincides 
with a metric associated with a one-parameter family of solutions to the Painleve-VI equation 
with coefficients (1/8,-1/8,1/8,3/8) . Analogous deformations of real doubles of the Hurwitz 
Frobenius manifolds are also found; these deformations depend on g{g + l)/2 real parameters. 



Contents 

1 Introduction! 



2 Darboux-EgorofF metrics on Hurwitz spacesi 6 

2.1 Hurwitz spaced 6 



.2 Symmetric bidifferentials on Riemann surfacesi 6 



2.3 Darboux-Egoroff metrics defined bv the bidifferentiala 10 

2.4 Systems of hvdrodvnamic tvpel 13 



3 Deformations of Hurwitz Frobenius structure 2 14 

3.1 Definition of Frobenius manifoldl 14 



3.2 Flat metrics! . 15 



3.3 Flat coordinated 19 



3.4 Prepotential of Frobenius structure 21 

4 Real doubles of the deformed Frobenius structures! 23 

5 G-function of the deformed Frobenius manifolds! 28 



6 Examples in genus one! 



31 



6.1 3-dimcnsional Frobenius manifold and Chazv equation! 31 



6.2 Relationship to isomonodromic deformationa . . 32 



6.3 Real double of deformed Chazv Frobenius manifold! 34 

Open probleni^ 35 
Bibliographvl 35 



1 Introduction 



The structure of a Frobenius manifold was introduced in [2] (see also ^21) to give a geometric re- 
formulation of the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) system of differential equations 
on the function F of n variables ( j2l ) : 

F.F^^Fj = FjF^'F, , i, j = 1, . . . , n , (1.1) 

where Fi is the matrix 

(^i)mn = Q^[Q^;^ ' (1-2) 

and the function F is such that Fi is a constant nondegenerate matrix, and there exist constants 
1^1, . . . , i^^ such that for any nonzero constant k the following relation (quasihomogeneity) 
holds: 

Fin^H^, K^^e) = K^^Fit^, . . . ,r) + quadratic terms . (1.3) 

The function F is called the prepotential of the corresponding Frobenius manifold. 

Here we consider the so-called semisimple Frobenius structures on Hurwitz spaces (a Frobe- 
nius manifold is called semisimple if the associated algebra in the tangent space does not have 
nilpotents). The Hurwitz space is the space of pairs {C , X) modulo an equivalence relation 
(see Section 12. 1|) where £ is a Riemann surface of genus g and A is a function on the surface, 
A : — > CP^, of a fixed degree. The finite critical values of the function A (semisimplicity im- 
plies they are all simple) serve as local coordinates on the Hurwitz space. Frobenius structures 
on Hurwitz spaces in any genus were originally found in [S]. Local coordinates on the Hurwitz 
space become canonical coordinates on the Frobenius manifold. In pi, App. I, it is shown that 
any Frobenius manifold, under some genericity assumption, can be locally described in terms 
of Hurwitz spaces: for any Frobenius manifold there exists a function of one complex variable 
(called the superpotential) meromorphic in some domain in C and such that canonical coordi- 
nates on the Frobenius manifold are given by critical values of this function. If the superpotential 
can be analytically continued to a meromorphic function on a compact Riemann surface then 
the corresponding Frobenius manifold is isomorphic to a Hurwitz Frobenius manifold; in this 
case the Hurwitz space is the space of coverings defined by the superpotential. Therefore, one 
might expect that any natural result concerning Hurwitz Frobenius manifods can be extended 
to an arbitrary Frobenius manifold. In |14| new semisimple Frobenius structures which can be 
considered as real doubles of the semisimple Hurwitz Frobenius manifolds of Dubrovin [3| were 
found. Those Frobenius structures are built on Hurwitz spaces considered as real manifolds. 

For the simplest Hurwitz space in genus one the Frobenius structure of j3| gives the following 
solution to the WDVV system: 

F = -^htl + ^tlt3 - ^4 7 (2^ii3) , (1.4) 

where 7(/i) = O"' / {3TTi9[) ; and Oi{z) = —0[^, is the odd elliptic Jacobi theta function. The 
function 7(/i) satisfies the Chazy equation 

y" = 677" - 9(7')^ . (1.5) 

It is known (|3], App. C) that the function of the form p.4|) will still satisfy the WDVV system 
if the function 7 in (|1.4() is replaced by an arbitrary solution to the Chazy equation 1)1. 5|) . The 
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general solution to the Chazy equation has the form: 



where e SL(2, C) . 

In particular, in the case of 5L(2, C)-transformations of the form ( ^ . ^) we get the 



following solution to WDVV equations: 



-l/q 1 



_ 1 2 2 i ( 1 / 27rit3 \ 2 \ f \ 

F - —^ht^ + - (^(i_2vr.t3/q)2^ \l-2^tt,/c^) + q(l - 27r.t3/q) j ' ^ 

This function is obtained from ()1.4p by replacing the function 7(27rit3) by f{2Tiit^) from ()1.6() 
with ^) ~ ( 1/ l) • If (l/q) S Z then the solutions H1.4() and ()1.7() coincide due to 

the modular invariance of the function 7 ; for (l/q) ^ Z we obtain a one-parameter deformation 
of the solution (fOI) . 

The main result of this paper is a generalization of this deformation procedure to semisimple 
Hurwitz Probenius manifolds in any genus. Namely, we construct a g{g + l)/2-parametric 
deformation of Dubrovin's Frobenius structures W on Hurwitz spaces. For the simplest Hurwitz 
space in genus one our deformation coincides with the deformation H1.7() of the prepotential (and 
corresponding Frobenius manifold) ()1.4() . 

The idea of the construction is the following. All ingredients of semisimple Hurwitz Frobenius 
manifolds of Dubrovin can be conveniently described in terms of the canonical meromorphic 
bidifferential on a Riemann surface C . The bidifferential W is defined as follows. Introduce 
on £ a canonical basis of cycles {o^; h^} ■ Then W{P, Q) is a symmetric bidifferential which has 
a second order pole with biresidue 1 on the diagonal P ~ Q and has vanishing a-periods; it can 
be expressed in terms of the prime form E{P^ Q) as follows W{P, Q) := dpdq \og E{P, Q) . For a 
Hurwitz space of coverings {C , A) with simple ramification points {Pj} , the dependence of the 
bidifferential W on the branch points {Aj} is given by the Rauch variational formulas [HI I13j: 

?}mQl = lw(P,P,mQ.p,), (1.8) 

where W{P,Pj) := {W{P,Q)/dXj(Q))\Q.p. . 

The main ingredient of Frobenius structures is a Darhoux-Egoroff metric. A diagonal metric 
ds^ = ^igii{d\if' is called a Darboux-Egoroff metric if it is flat (its curvature tensor vanishes) 
and potential (there exists a function U such that ga = d\-U holds for any i). The Darboux- 
Egoroff lemma states that a diagonal metric is potential and flat if its rotation coefficients (3ij 
deflned for « / j by f3ij = {d\^^Jgii)/ ^/gj] are symmetric, fiij = (3ji, and satisfy the system of 
equations: 

dXkPij = PikPkj , A: are distinct, (1.9) 

for ah f3ij . (1.10) 



For the family of Hurwitz Frobenius manifolds introduced in 0, the rotation coefficients of 
the corresponding Darboux-Egoroff metrics are given by (3ij = W{Pi, Pj)/2 . These rotation 
coefficients satisfy equations H1.9|) due to the Rauch formulas (|1.8() . 
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In this work we introduce the following deformation of the bidifferential W : 

9 

Wq(P, Q) := WiP, Q) - 2m (B + q)l^Uk{P)ui{Q) , 

k,l=l 

where g is the genus of the Riemann surface; loi{Q) := W{P,Q)/{2'ki) form the basis of 
holomorphic differentials normalized by loi = 6ki ; B^/ := uji is the matrix of 6-periods; 
and q is a symmetric matrix of parameters constant with respect to {Aj} and A . The matrix q 
must be chosen such that the sum (B + q) is not degenerate. 

The bidifferential Wq{P, Q) turns out to satisfy the following variational formulas which look 
identical to the variational formulas (jl.Hj) for W : 

dx,W^{P, Q) = i W^{P, Pj) W^iQ, P,) . (1.11) 

Therefore, the quantities W(^{Pi, Pj)/2 give rotation coefficients of some Darboux-Egoroff metric: 
the bidifferential W is symmetric, i.e. W{P,Q) = W{Q^P); the variational formulas (|l.llj) 
imply relations H1.9|l for the rotation coefficients; the equations 1)1.10(1 can be proven analogously 
to the case of rotation coefficients given by the bidifferential W . The variational formulas (jl.llj) 
hold for the points of the Hurwitz space which do not belong to the divisor defined by the 
equation det (B + q) = . The corresponding Darboux-Egoroff metrics are also defined outside 
this divisor. Analogously to |3] (see also we find a family of Darboux-Egoroff metrics 

on Hurwitz spaces with rotation coefficients Wq{Pi, Pj)/2 and build corresponding Frobenius 
structures. In the limit as some entries of the matrix q tend to infinity so that all entries of the 
matrix (B -|- q)~^ tend to zero (in particular this condition holds if all diagonal entries of the 
matrix q tend to infinity and nondiagonal entries remain finite) the bidifferential Wq turns into 
W and our Frobenius structures coincide with those of 0. 

The second result of the paper is a construction of real doubles jjl] of the deformed semi- 
simple Hurwitz Frobenius manifolds. This is done by introducing deformations of the Schiffer 
and Bergman kernels. The Schiffer and Bergman kernels were used in the construction of real 
doubles in ^3]; they are defined by the following formulas: 

9 

n{P, Q) := W{P, Q)-T^Y. (ImB)^/cufe(P)cuKg) , 

k,l=l 

9 

B{P,Q) := TT ^ (ImB)^/c^fc(P)a;z(Q) , 

k,l=l 

respectively. In the case of a genus zero Riemann surface the Schiffer kernel coincides with W 
and the Bergman kernel vanishes. 

The following alternative definitions 5_ independent of the choice of a canonical basis of 
cycles {a^; 6fc}^=]^ on the Riemann surface can be given for the two kernels. The Schiffer kernel 
is the symmetric bidifferential which has a second order pole along the diagonal P = Q and is 
such that p.v.Jf ^Q{P, Q) uj{P) = holds for any holomorphic differential oj on the surface. The 
Bergman kernel is a regular bidifferential on C holomorphic with respect to its first argument 
and antiholomorphic with respect to the second one which (up to a factor of 2Tri) is a kernel of an 
integral operator acting in the space -L2^'"'(£) of (l,0)-forms as an orthogonal projector onto the 
subspace Ti'^^'^^C) of holomorphic (l,0)-forms. In particular, for any holomorphic differential u) 
on the surface C the following relation holds: jj^ B(P, Q) oo{Q) = 2iTi lo{P) ■ 
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In contrast to the bidifFerential W , which is holomorphic with respect to the moduh coordi- 
nates {Afc} , the Schiffer and Bergman kernels depend on the complex structure of the Riemann 
surface through the branch points {Xk} of the covering (£ , A) and their complex conjugates 
{Afc} . Therefore, in jl4j the Hurwitz space was considered as a real manifold, i.e. a manifold 
with coordinates {Xk', X^} ■ A family of Darboux-Egoroff metrics on this real space was found; 
the rotation coefficients of those metrics are given by the Schiffer and Bergman kernels suitably 
evaluated at ramification points of the covering. The flatness for the metrics is provided by 
variational formulas for the kernels 0, and B . Some of the Darboux-Egoroff metrics proved 
to correspond to Frobenius structures on the Hurwitz space with coordinates {A^; Afc} . Those 
Frobenius structures were called the real doubles of Dubrovin's Hurwitz Frobenius structures. 

We introduce the following deformations ilq(P, Q) and Bqi^P, Q) of the Schiffer and Bergman 
kernels. Consider the holomorphic differentials Vk{P) := ff^^il{P,Q)/{2TTi). The differential 
Vk is normalized by the condition that all its a- and 6-periods are purely imaginary except 
the Ofc-period: Re{£j u^} = djk/2 and Re{^^ u^} = for j,k = l,...,g . The matrix 

of 6-periods of differentials Vk (which is symmetric and imaginary) is given by: := 
B(B— B)~^B ; it is the matrix of pairwise scalar products of differentials Vk in the space '"'(^C) , 
i.e. fj^ Vk{P) A vi{P) = M^kl ■ Then, if a constant matrix q is such that q = , q = — q and 
the matrix (B" -1- q) is invertible, we can define the deformed Schiffer and Bergman kernels by: 

9 

f]q(P, Q) := n{P, Q) - 2m J] (B" + q)-/t;fe(P)t;;(Q) , 

k,l=l 

(1-12) 

i?q(P, Q) := B{P, Q) - 2ni (IB" + q)]:iW{P)vi{Q) , 

k,l=l 

respectively. The integral operator with the deformed kernel Bqi^P^Q) / {2iTi) maps the space 
4''°'(^) onto the space 7Y'^''^'(i2) and acts in the space ?Y'^''''(>C) of holomorphic differentials as a 
linear operator which in the basis {vk} is given by the matrix q(B" -|-q)~^ . Similarly, the action 
of the integral operator with the kernel r2q(P, (5)/(27ri) in the space W^'°'(£) is defined by the 
matrix -B"(B" q)-^ (see formula ^T^). 

The motivation for the definition (|1.12)) is that variational formulas for the bidifferentials 
Qq(P, Q) and Bq(P,Q) defined in this way are similar to variational formulas for the Schiffer 
and Bergman kernels. Therefore, the deformations fiq and i3q , analogously to the kernels O 
and B , define rotation coefficients of some Darboux-Egoroff metrics on the Hurwitz space with 
coordinates {A^; A^}. We find a family of such metrics; they are defined on the Hurwitz space 
outside the subspace of codimension one given by the equation det (B" -1- q) = . It turns out 
that this family also contains a class of metrics which correspond to new Frobenius structures. 
We call these structures the real doubles of the deformed Frobenius manifolds. 

The paper is organized as follows. In the next section we define the Hurwitz spaces and sev- 
eral families of Darboux-Egoroff metrics on them constructed using the bidifferentials introduced 
above. In Section |31 we give a definition of Frobenius structures and construct deformations of 
Dubrovin's Hurwitz Frobenius manifolds [Hj. In Section 0] we construct the real doubles of 
the deformations. In Section [S] we compute expressions for the G-function on each constructed 
Frobenius manifold. Section |21 is devoted to a calculation of prepotentials and G- functions of the 
deformations of Frobenius manifolds and their real doubles in the case of the simplest Hurwitz 
space in genus one. In that section we also describe the relationship of the example of prepoten- 
tial, the Chazy equation and isomonodromic deformations related to the Painleve-VI equation. 
We show that in genus one the constructed one-parameter deformations have a two-parametric 
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generalization which can be possibly extended to Hurwitz spaces in any genus which we hope 
to address in the future. 

2 Darboux-Egoroff metrics on Hurwitz spaces 

2.1 Hurwitz spaces 

Consider a compact Riemann surface L of genus g and a meromorphic function A : £ — > CP^ of 
degree N . The equation 

C = A(P) , p G /: 

(C is a coordinate on CP^) represents the surface as an A^-fold ramified covering of CP^ . The 
covering is a collection of copies of CP^ which are glued together along the cuts connecting 
the ramification points to form a connected manifold. The ramification points P,- G L are the 
critical points of the function A(P) , i.e. they satisfy \'{Pj) = ; their projections \j = X{Pj) 
on the base of the covering CP^ are called the branch points. 

We assume that the function A has m + 1 poles at some points oo'^, . . . ,oo"* G C , and we 
denote by + 1 the order of the pole at oo* . In other words, there are m + 1 points on the 
covering which project to C = oo on the base; in the point oo* there are {rii + 1} sheets glued 
together (no, . . . ,nm G N are such that Yl^oi''^i + 1) = The numbers {nj} are called the 
ramification indices. We assume the remaining ramification points which have finite projections 
on the base, Xj < oo, to be simple ( i.e. there are exactly two sheets glued together at the 
corresponding point on the covering) and denote their number by L . 

The local parameter near a simple ramification point Pj G C (which is not a pole of A) 
is Xj{P) = i/A(P) — Xj and in a neighbourhood P ~ oo* the local parameter Zi is such that 
z7^^-\P) = X{P) . 

For each genus g of the surface, the Riemann-Hurwitz formula gives the possible values of 
degree N of the function A , number L of simple finite branch points and the ramification indices 
rii over infinity: 

m 

2g-2 = -IN + L + ^m . (2.1) 

i=0 

Two coverings are called equivalent if one of them can be obtained from the other by a 
permutation of sheets. The space of equivalence classes of described coverings is the Hurwitz 

space; wc denote it by M = Mg-no,—,nm ■ shall work with the following covering M = 
Mg-rn),...,nm of the Hurwitz space. A point of the space M is a triple {C, X, {ak,bk}l.^i}, where 
{c^fc)ftfc}fc=i is a canonical basis of cycles on C. The branch points {Aj} give a set of local 
coordinates on the space M . 

2.2 Symmetric bidifferentials on Riemann surfaces 

On a Riemann surface C of genus g with a canonical basis of cycles {dk'i bk}f.^i , let {i^k{P)}k=i 
be the set of holomorphic differentials normalized by <f^^ ujj = Sjk ■ The symmetric matrix IB of 
6-periods of the surface is defined by B;^.^ = coj ; its imaginary part is positive definite. 

Now we shall introduce the following bidiflFerentials on the Riemann surface C . 

1. The canonical meromorphic bidifferential W{P, Q) is defined by 

W{P,Q):=dpdQ\ogE{P,Q), (2.2) 
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where E(P, Q) is the prime form on the surface. The bidifferential can be uniquely characterized 
by the following properties: it is symmetric; it has a second-order pole on the diagonal P = Q 
with biresidue 1 ; and its a-periods vanish: 

/ W{P,Q) = 0, k = l,...,g. (2.3) 

Jafc 

The 6-periods of W{P, Q) are given by the holomorphic normalized differentials: f^^^ W{P, Q) = 
27ri 0Jk{P) , k = 1, . . . ,g. For a covering (£, A) the bidifferential W depends on the simple 
branch points {Aj} of the covering according to the Ranch variational formulas [9| [T3]: 

?}^ = \wiF.P,mQ.P,). (2,4) 

where W{P, Pj) denotes the evaluation of W{P, Q) at Q = Pj with respect to the standard local 
parameter Xj{Q) = ^ A((5) — \j near a ramification point Pj : 

Being integrated over 6-cycles of the surface, the Ranch formulas (|2.4j) give the variational 
formulas for holomorphic differentials and the matrix B of 6-periods: 

^^fe(^) _ 1 (P^.)i^(p,p^.) , ^ = ^iu^^{P,)^,{P,) . (2.6) 



2. For a covering (£ , A) of genus 5 > 1 consider a symmetric nondegenerate matrix q which 
is independent of the branch points {Aj} and such that the inverse (B + q)"i exists. Then, we 
define a symmetric bidifferential Wq(P, Q) which is the following deformation of the bidifferential 
W{P,Q) : 

9 

W^{P, Q) := W{P, Q) - 5^ (B + ci)^luk{P)ui{Q) . (2.7) 

k,l=l 

This bidifferential has the same singularity structure as the W-bidifferential and satisfies the 
normalization condition: 

I W^{P, Q) + Y.{^-^)jk i W^{P, Q)=0. (2.8) 

Jafe Jbj 

The bidifferential Wq turns into W , for example, in the limit when all diagonal entries 
of the matrix q tend to infinity while the off-diagonal entries remain finite. In this limit, the 
matrix (B + q)^^ tends to the zero matrix. 

Consider now the Hurwitz space Mg-nQ,...,nm of pairs (£ , A) . The equation 

det(B + q)=0 (2.9) 

defines a divisor in Mg-no,...,nm > which we denote by Pq . A simple computation shows that 
Wq(P, Q) satisfies the variational formulas which formally look exactly as variational formulas 
((231) for W{P, Q) : 

^^i^f^ = \Wq{P,P,)Wq{Q,P,) . (2.10) 
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These formulas hold at the points of the Hurwitz space where the bidifferential Wq is well 
defined, i.e. outside of divisor 2?q (|2.9|) . 

Note that both bidifferentials W and Wq , as well as the differentials oj^ and the matrix B , 
are holomorphic with respect to branch points {A^}, i.e. they do not depend on Afc p. 54). 

3. The Schiffer and Bergman bidifferentials (kernels) are defined on a Riemann surface of 
genus 5 > 1 by 

9 

niP, Q) := W{P, Q) - vr ^ (ImB)^/a;fc(P)a;KQ) , (2.11) 

k,l=l 

9 

B{P, Q) := vr ^ (luM)-lu;k{P)oJi{Q) , (2.12) 

k,l=l 

respectively. The following equivalent definitions can be given for these bidifferentials, which, in 
particular, show that the bidifferentials are independent of the choice of a canonical basis of cycles 
{ofc; bk} ■ Namely, ^{P, Q) can be defined as a symmetric bidifferential having a second order pole 
with biresidue 1 at the diagonal P ~ Q , such that for any holomorphic differential oj the following 
holds: JJ^O,{P, Q)uj{Q) = . The bidifferential B{P,Q) is a regular bidifferential holomorphic 
with respect to one of its arguments and antiholomorphic with respect to the other one. The 
integral operator with the kernel B {P, Q) / {27ri) acts in the space L2'°\C) of (l,0)-forms as an 
orthogonal projector onto the subspace W^ °'(£) of holomorphic (l,0)-forms 5 . In particular, 
in the space TC'^^'°^{C) it acts as the identity operator, i.e. ff^B{P,Q)uj{Q)/{2Tri) = uj{P) ■ 
The periods of bidifferentials ()2.1H) and ()2.12|) are related to each other as follows: 



n{P,Q) = -f B{P,Q) , f n{P,Q) = -f B{P,Q) , (2.13) 

o-k f'fc ''bk bk 

where the integrals are taken with respect to the first argument. The variational formulas for 
the Schiffer and Bergman kernels have the form: 



dXj 2 ' ' ' dXj 2 

dB{P,Q) dB{P,Q) 1 



n{P, Pj)B{Pj,Q) , = -B{P, PjMQ, Pj) . 



dXj 2 ' ' V j'^/ ' Q^. 2 



The notation here is analogous to that in (|2.5|) . i.e. Q{P,Pj) stands for {Q(P,Q)/dxj{Q)) 



(2.14) 



Q=P, 



and B{P,Pj) := [B{P,Q) / dxj{Q) ^ 

Note that the Schiffer and Bergman kernels depend on both, {A^} and {A^} (holomorphic 
and anti-holomorphic coordinates on the Hurwitz space), in contrast to bidifferentials W (|2.2j) 
and VFq ()2.7|) . which depend only on holomorphic coordinates {A^} . 

4. As an analogue of the deformation Wq (|2.7j) of the bidifferential W , we shall define 
deformations of the Schiffer and Bergman kernels, the bidifferentials r2q(P, Q) and BqiPjQ) ■ 
Let us first introduce the holomorphic differentials 

Vk{P) ■■= ^ i ^{P,Q) (2.15) 

and the matrix B" of their 5-periods B^^j = vj : 

B" := B(B - B)"^B . 
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This matrix is symmetric as can be seen from the fohowing representation of as a sum of 
two symmetric matrices: = B(B — B)~"^B + B . Therefore, since B" is also anti-Hermitian, it 
is a purely imaginary matrix. 

The differentials Vk can be characterized as holomorphic differentials on the Riemann sur- 
face of genus g whose all a- and 6-periods are purely imaginary except one. Namely, for the 
differentials (|2.15|) we have Re{/^ Vk} = and Re{§^ Vk} = 6jk/2 for j, k = 1, . . . , g . (Recall 
that by virtue of the Riemann bilinear relations, a holomorphic differential whose all periods 
are imaginary is zero.) 

Remark 1 The differentials given by a-periods of the Schiffer kernel, 
Uk{P) := — ^{P, Q)/(27ri), can be described as holomorphic differentials satisfying the con- 
dition Re{/jj Uk} = Sjk/2 and Re{£j n^} = . 

The matrix B" can also be expressed as the scalar product of the differentials Vk in the space 
4''°>(£) of (l,0)-forms, i.e. B^^z = fJ^MP)^vi{P) ■ 

The variational formulas for the differentials and the matrix B" are analogous to the 
Ranch formulas (12. 



= \ ^{P, PMiP^) , = I B{P, P,)v,iP,) , (2.16) 



TTi Vk{Pj) Vl{Pj) , -~= TTi Vk{Pj) Vl{P,) . (2.17) 



The following deformed differentials and i?q satisfy variational formulas which are similar 
to those for the kernels 17 and B ()2.14|) . Consider a constant nondegenerate matrix q such that 
q = , q = — q and the inverse (B" + q)~^ exists. Then, we define 



f]q(P, Q) := 17(P, Q) - 2m ^ (B" + ci)-^^Vk{P)vi{Q) , (2.18) 

k,l=l 

9 

Bq(P, Q) := B{P, Q) - 2Tii (IB" + q)H'^fc(^)^'KQ) • (2-19) 

k,l=l 

The bidifferentials fiq and Pq turn into the Schiffer and Bergman kernels, respectively, when all 
entries of the matrix (B" + q)^^ tend to zero. This happens, for example, if all diagonal entries 
of the matrix q tend to infinity, and all off-diagonal entries remain finite. 

The bidifferentials l|2.18() and (|2.19|) are defined for the points of the Hurwitz space which 
do not belong to the subspace 2?q of real codimension one given by the equation 

det(B"+q)=0. (2.20) 

Similarly to the integral operator with the kernel B{P, Q)/{2iii) , the integral operator with 
the deformed kernel i?q(P, Q)/(27ri) also maps the space 1/2^'°' (£) onto W^'°'(£) . In the space 
'H'-^'°^{C) it acts as a linear operator which in the basis {vk} (|2.15j) is represented by the matrix 
q(B'^ + q)~"^ . Namely, if we denote by v(P) the vector of differentials whose fc-th component is 
the differential Vk{P) , then the following holds: 



2^ / /_ 5q(P, Q)v(P) = q(B" + q)-V(Q) . 



C 
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The integral operator with the kernel i^q{P, Q)/{2tt{) acts in TC'-^-°^{C) as follows: 

^ n^iP, Q)V(P) = -B"(B" + q)"iv(Q) . (2.21) 

Note that when the matrix of parameters q tends to infinity so that the deformed bidifferential 
r^q tends to the Schiffer kernel, the right hand side of (|2.21l) vanishes and this formula turns 
into the characteristic property of the Schiffer kernel 0, . 

Periods of the bidifferentials ()2.18|) and ()2.19|) are related as follows: for any k = 1, . . . ,g 



f (l7q(P, Q) + i?q(P, Q)) + 5^(q-')fe, / n^{P, Q)=0, 
Ja^ j^-^ Jbj 

i {n^{P,Q) + B^{P,Q))=0, 

J bh 



(2.22) 



where the integrals are taken with respect to Q . The following variational formulas for fiq 
and -Bq can be derived from 1)2. 18(1 . (|2.19|) by a straightforward computation using variational 
formulas (tOUl . (tOTH) and (ITT7|l . They hold outside the subspace (|T^ : 

^^il:^^ = ^Oq(P,P,)l^q(Q,P,) , ^Jh^l^ = \b^{P,P,)B^{Q,P,) , 

_ ^ _ (2.23) 

^^^^ = ll^q(P,P,)Pq(P,,g) , ^^^^ = ^i5.(P,P,)lW^ • 



Remark 2 All defined bidifferentials except the Schiffer and Bergman kernels $7 and B , depend 
on the choice of a canonical basis of cycles {a^; hk} ■ 

2.3 Darboux-Egoroff metrics defined by the bidiflFerentials 

A diagonal metric ds^ = guidXi)'^ is called potential if there exists a function U{{Xj}) whose 
derivatives give the metric coefficients: ga = d\.U for any i. A metric is called flat if its 
curvature tensor vanishes. A diagonal potential flat metric is called a Darhoux-Egoroff metric. 
The Darboux-Egoroff lemma states that a diagonal metric ds^ = gii{d\i)^ is Darboux-Egoroff 
if its rotation coefficients Pij defined for i ^ j hy 

A, = (2.24) 

V 9jj 

are symmetric, Pij = Pji, (this implies ds^ is potential) and satisfy the system of equations: 

d\kPij = f^ikPkj , i, J, A: are distinct, (2.25) 

Y^dxJij = G for all A,-. (2.26) 
k 

Consider the Hurwitz space Mg-no,...,nm of coverings (>C,A) described in Section ITTl Let us 
fix an arbitrary contour / on the surface C which does not pass through ramification points {Pj} 
of the covering and whose projection on CP^ does not change under small variations of the 
branch points {Xj}. Let us also fix a function h{P) defined in a neighbourhood of the contour 
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I ; asume this function to be independent of {Aj}. Then the following formula defines (see j^]) a 
family of Darboux-Egoroff metrics on the Hurwitz space: 



ds2 



L 2 

J2(^fh{Q)W{Q,P,)^ {dX,f . (2.27) 



Following Z\, we use the word "metric" for a bilinear quadratic (not necessary real and positive) 
form. 

The variational formulas (|2.4() for the VF-bidifferential immediately imply that rotation co- 
efficients for the metrics (|2.27|) are given by 

l3i, = Uv{Pi,P,) , (2.28) 

where, as usual, the VF-bidifferential is evaluated at ramification points with respect to the 
standard local parameter Xj (P) = \{P) — Xj ■ 

The following proposition was proven in [H]. Here we reproduce the proof given in |9j since 
an analogous procedure will be used in our present context. 

Proposition 1 0/ Rotation coefficients \2.2^) are symmetric and satisfy equations i2.25\) . 
and therefore metrics \2.21l\) are the Darboux-Egoroff metrics. 



Proof. The symmetry of the rotation coefficients follows from the symmetry of the bidiffer- 
ential W{P, Q) with respect to the arguments P and Q . Variational formulas (|2.4|) with P = Pi, 
Q = Pk , for different i,j,k imply relations 1)2. 25() for rotation coefficients (|2.28|) . 

To verify relations (|2.2(ij) let us note that the differential operator Ylk ^>^k l|2.2(ij) can 
be represented as follows. Consider a biholomorphic map (£, A) (£, \ + 5) of the covering 
which takes a point P to the point P^ belonging to the same sheet and having projection 
A + on the base of the covering. Then, for a function of branch points /({A^}) we have 
Ylk ^>^kf ~ {<^f^ I d5)\5=o , where f^ is the analog of the function / on the covering (£, A + J) . 

Note also that the definition of W{P,Q) implies its invariance with respect to the map 
(£, A) {C,\ + 5) : if is the bidifferential W defined on the covering (£, A + (5) we have 

Since the local parameters Xi{P) = \J X{P) — Aj in neighbourhoods of 
ramification points also do not change under a simultaneous shift of all branch points and A , 
we have Efe dx,W{Pi, Pj) = . □ 

Analogously, there exist families of Darboux-Egoroff metrics whose rotation coefficients are 
given by the other bidifferentials defined above. 

Theorem 1 Let a contour I and a function h be as in \2.2'l\j . Then the following formulas define 
the Darboux-Egoroff metrics on the Hurwitz space Mg-no,...,nm outside the divisor 2?q H2. y\) : 

L 2 

^^"^ = Y.{JkQ)W^{Q,P,)^ {dX,f . (2.29) 

The rotation coefficients of metrics \2.2y\) are given by f3ij = VFq(Pi, Pj)/'^ for i ^ j . 

Proof. The proof of Proposition ^ obviously holds for f3ij = Wq(Pj,Pj)/2, therefore the 
metrics ()2.29() are Darboux-Egoroff. □ 

The following bilinear quadratic forms were introduced in ^1]; they can be considered as 
metrics on the real Hurwitz space, i.e. the moduli space of coverings with local coordinates 
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{Xk',Xk}- We shall denote the real Hurwitz space by Mg*?^^^ „^ . Let now the function h and 
the projection of the contour / onto the A-sphere be independent of the coordinates {Xk',Xk}- 
Consider the following two metrics: 

ds"^ = Y,^(^(^h{Q)n{Q,Pj)j {dXjf + Y,^(^j>KQ)B{Q,Pj)j {dXjf (2.30) 



and 



ds^ = Re < 



L 2 



(2.31) 



Both families, ()2.3U|) and ()2.31() . have rotation coefficients given by 

,. = 1 
*J 2 



A, = \^{n.Pj) , % = Ib{p,, Pj) , % = A, , 



(2.32) 



where i,j = 1, . . . ,L and the index j corresponds to differentiation with respect to Xj . 

The proof of the flatness of these metrics is analogous to the proof of Proposition The 
variational formulas (|2.14|) give relations 1)2. 25(1 for rotation coefficients. To prove relations 1)2. 26() 
we note that all bidifferentials are invariant with respect to the biholomorphic map {C, X) — > 
(£, A + 5) since all of them can be written in terms of W{P, Q) (for example 27ri cj^ = W). On 
the space M^'^'^^ (we skip the indices for brevity), equations (|2.26j) read l^fc=i(<9Aj. +d\^)l3ij = ; 
to prove them we apply the method of the proof of Proposition ^ with 5 G R to the kernels O 
and B . 

Since for finding rotation coefficients and proving the flatness of the metrics ()2.30|) - (|2.31() 
we only used variational formulas for the Schiffer and Bergman kernels, which look identical to 
those for the bidifferentials fiq and -Bq , the similar metrics can be written in terms of and 
Bq . Therefore, we have the following theorem. 

Theorem 2 Let a contour I and a function h be as in h2.'jU\) . h2.'jl\) . Then the following 



formulas define Darhoux-Egoroff metrics on the Hurwitz space 



real 

g;no,...,nm 



outside the subspace 



d^' = E(f^(^)^q(^'^i)) {dXjf + Y.^[fh{Q)B^{Q,Pj)^ {dX,f (2.33) 



and 



ds^ = Re < 



L 2 

{Jh{Q)^^{Q, Pj) + ^h{Q)B^{Q,Pj)^ {dXj 



(2.34) 



The rotation coefficients of metrics of both families \2. 3!^) and \2.34\) are given by 



fhj — Pij ■ 



(2.35) 



Note that coefficients of metrics (|2.3()|) . (|2.31|) . written in terms of the Schiffer and Bergman 
kernels, do not depend on the choice of basis of cycles {a^; b^} ■ Therefore, those metrics are 
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defined on the Hurwitz space Af®*^' , whereas the metrics ()2.33() , ()2.34() are defined on the covering 
M'^^^' of the Hurwitz space, i.e. in order to define metrics (|2.33j) . (|2.34j) one must specify the 
choice of a canonical basis of cycles. 

Each family of metrics (IT^ . (IT^ . ((2201)- (ESU and contains a class of met- 

rics which correspond to Probenius structures on the Hurwitz space. Such structures for metrics 
()2.27() were found in |3] (see also ^5). For the family H2.30() - H2.31|) Frobenius structures were 
described in Jl]. In this paper we shall construct Frobenius manifolds corresponding to the met- 
rics ()2.29|) and H2.33() - H2.34|) . Thereby we shall construct deformations of the Hurwitz Frobenius 
manifolds of (Hj and ^ 



2.4 Systems of hydrodynamic type 

A Darboux-Egoroff metric defines (see, for example, an integrable system of hydrodynamic 
type for the branch points {Xk\ considered as functions of two independent coordinates x and t : 

dx^m = Vm{{Xk})dtXm ■ (2.36) 

where the functions {Vm} , called the characteristic speeds, are related to the Christoffel symbols 
of the metric by: 

dx^Vn = KmiVm-Vn), m^n. (2.37) 
The nonvanishing Christoffel symbols for a diagonal metric ds^ = ^ - gjj(dXj)^ are given by: 

r^ = -i^, q, = i^, rl^ = l^ are distinct. (2.38) 

^ Qkk ^ gu ■> 1 gu 

If the metric ds^ is Darboux-Egoroff, then the equations (|2.37jl for characteristic speeds are 
compatible. In particular, for the metrics ()2.27|) the systems of hydrodynamic type 1)2. 36() 
were constructed and solved in [Hj. Here we note that analogous systems are associated with 
the Darboux-Egoroff metrics ()2.29|) . Namely, if the metric ds^ belongs to the family (|2.29() . 
corresponding to the bidifferential Wq , then the system ()2.37|) is defined on the Hurwitz space 
outside the divisor Dq 1)2. 9|) . Solutions to (|2.37|) are given by 

where the contour / and function h are those which define the metric ds^ as in 1)2. 27(1 : and li and 
hi are such that the projection of the contour li on the base of the covering and the function hi 
are independent of branch points {Aj}. Relations ()2.37|) for the functions (|2.39|) can be verified 
by a simple calculation using the variational formulas 1)2. lOp for the bidifferential IVq . 

Solutions to the system of hydrodynamic type (|2.36|) are constructed by the generalized 
hodograph method ^HJ- Namely, for the functions Vm{{Xm}) which satisfy equations 1)2. 37(1 
consider an arbitrary solution {Um{{Xk})} to the system 

Cr^ = F^' ^^n = l,...L. (2.40) 
Then, the system of equations 

Um{{Xk})=t + Vra{{Xk})x (2.41) 

defines an implicit solution {Xm{x,t)} to the system of hydrodynamic type ()2.36() . A solution 
to the system (|2.4()|) is obviously given by formulas (|2.39|) with some other pair (I2 , /i2) instead 
of {h ,hi) . 
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Let us assume li = I2 = I ■ Then, the hodograph method for the system ()2.36|) . H2.39() is 
summarized in the following theorem. 

Theorem 3 Let us fix a contour I on the covering which does not pass through ramification 
points. Consider functions h, hi, /12 defined in a neighbourhood of the contour. Assume that 
the functions and the projection of the contour I on CP^ are independent of the branch points 
{Xj} ■ Then, a solution {Xmix,t)} to the system of hydrodynamic type \2.3b]) . \2.3y\) can be 
implicitly defined on Mg-no,...,nm \ (where Pq is the divisor H2.9\) ) by the following system: 

j{h2{Q) - h{Q)t - hi{Q)x) W^{Q, Pm) = 0, m = 1, . . . , L . 

For families (|2.3n|) - (|2.31|l . (|2.33|) - (|2.34j) of Darboux-Egoroff metrics a naive definition, anal- 
ogous to H2.36() . of systems of hydrodynamic type does not lead to a compatible system on 
variables {A^} and {Afc}. In this case the equations on and A^ are not complex conjugate to 
each other. However, an analogous procedure may work in the sense of analytic continuation, if 
Afc and A^ are considered as independent complex variables. 

3 Deformations of Hurwitz Frobenius structures 
3.1 Definition of Frobenius manifold 

Definition 1 A commutative associative algebra over C with a unity e is called a Frobenius 
algebra if it is supplied with a C-bilinear symmetric nondegenerate inner product (•,•) which 
has the property (x • y, z) = (x, y • z) for arbitrary elements x, y, z of the algebra. 

Definition 2 M is a Frobenius manifold of charge u if a structure of a Frobenius algebra is 
defined in any tangent plane T^M ; this structure should smoothly depend on the point x ^ M 
and be such that 

Fl the inner product {■, ■) is a flat metric on M (not necessarily real positive definite); 

F2 the unit vector field e is covariantly constant with respect to the Levi-Civita connection V 
of the metric (•, •) , i.e. the covariant derivative in the direction of any vector field x on 
M vanishes: Vx e = ; 

F3 the tensor (Vwc)(x, y,z) is symmetric in four vector fields x,y, z,w on M , where c is 
the following symmetric 3-tensor: c(x, y, z) = (x • y, z) ; 

F4 there exists a vector field E (the Euler vector field) such that for any pair of vector fields 
X and y on M 

Vx(VyS)=0, (3.1) 

[i5;,x-y]-[ii;,x]-y-x-[i5,y] =x-y, (3.2) 
Lie^(x,y) := i?(x,y) - ([i^,x],y) - (x, [E,y]) = (2 - z.)(x,y) . (3.3) 
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The structure described in Definition [21 is equivalent to the WDVV system Re- 
quirement F3 imphes the existence of a function F depending on fiat coordinates t = {t^} of 
the metric from Fl whose third order derivatives give the tensor c : 

^ - c{dtA,diB,dic) = {d^A • dtB,dic) . (3.4) 



dtAdtBdtc 

The associativity conditions of the Frobenius algebra are equivalent to the equations and 
the existence of the vector field E from F4 provides the quasihomogeneity (|1.3|) for the function 
F . 

The function F defined by (|3.4|) up to a quadratic polynomial in fiat coordinates is called 
the prepotential of the Frobenius manifold M . 

Definition 3 A Frobenius manifold M is called semisimple if for any point x & M the Frobe- 
nius algebra in the tangent space T^M has no nilpotents. 

For semisimple Frobenius manifolds, the fiat metric in the definition of a Frobenius manifold 
is also diagonal and potential (|31, Lemmas 3.6-3.7), hence it is in fact a Darboux-Egoroff metric. 
In this paper we only consider semisimple Frobenius manifolds. 



3.2 Flat metrics 

The Frobenius structures on Hurwitz spaces which correspond to the Darboux-Egoroff metrics 
of the type ()2.27|) were found by Dubrovin [Sj. In ^1] the construction of 3 was reformulated 
in terms of the bidifferential W{P,Q) (|2.2|) . Analyzing this construction one can see that it is 
essentially based on the following properties of W[P^ Q) . 

• The variational formulas ()2.4() for W{P, Q) which provide the fiatness for the metrics ()2.27() . 

• Invariance of W{P^ Q) with respect to two maps of coverings: (£, A) {£,, \ + 6) and 
(£, A) — > {£, (1 + e)A) which take a point P of the surface to the points P^ and P*^ which 
lie on the same sheet of the covering and have projections A + and (1 + e)A on CP^ , 
respectively. The bidifferential W{P, Q) is invariant under the action of these two maps, 
i.e. we have W^{P\Q^) = W{P,Q) and W'{P',Q') = W{P,Q) , where and W are 
the bidifferentials W defined on the corresponding coverings. 

These properties provide the validity of conditions (F2) and (F4) for a certain class of the 
metrics ((21221) • 

• The type of singularity of W{P, Q) at P ^ Q (quadratic pole with biresidue 1). 

• The normalization <f^^ W{P, Q) = for all k = 1, . . . , g . 

Let us notice that the bidifferential VFq(P, Q) 1)2. 7() possesses a similar set of properties. 
The variational formulas (|2.1()|) for Wq(P, Q) are identical to those for W{P, Q) . Furthermore, 
Wq{P, Q) is invariant with respect to the maps (£, A) (£, X + 6) and (£, A) — > (£, (1 + e)A) 
since it is expressed in terms of the bidifferential W{P, Q) , holomorphic normalized 1-forms 
{'^fc}fc=i ^"^^ matrix of 6-periods B . Finally, VFq(i-*, Q) has the same singularity structure as 
W{P, Q) at P c^Q and is normahzed by (|2.8|) . 

Therefore, we conclude that in analogy with the construction of .3_ it should be possible 
to find Frobenius structures for Darboux-Egoroff metrics from the family (|2.29|) . Then g{g + 
l)/2 parameters contained in the bidifferential VFq(P, Q) will be inherited by the corresponding 
Frobenius manifolds. 
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Consider now the limit in which some of the entries of the matrix q tend to infinity in such a 
way that for any matrix B independent of q the matrix (B + q)~^ tends to the zero matrix (for 
example, let c^u — > oo for any i and q^j be finite for i 7^ j). In this limit the bidifferential VFq 
turns into W , and our construction coincides with that of [H] • For a finite constant symmetric 
matrix q it gives a g{g + l)/2-parametric deformation of Frobenius manifolds of [Hj. 

Each matrix q defines by the equation (|2.9|) the divisor Dq on the Hurwitz space M = 
Mg-no,...,nm ■ We shall describe structures of the Frobenius manifolds corresponding to some 
metrics of the type (|2.29|) . These Frobenius structures are defined on the Hurwitz space outside 
the divisor Dq . 

The associative algebra is defined on each tangent space by 

dx, • ^A, := dijdx, ; (3.5) 

the coordinates {Aj} are thus canonical for multiplication. As is easy to see, the algebra (|3.5j) 
does not have nilpotents. The unit vector field is given by 

L 

e = E . (3.6) 

1=1 

For this multiplication a bilinear quadratic form (,) has the property {x ■ y,z) = {x,y ■ z) if it 
is diagonal in the coordinates {Aj} . Therefore the metrics (|2.29|) define a Frobenius algebra in 
the tangent space at each point of the Hurwitz space outside the divisor 2?q . 
The Euler vector field has the following standard form: 

L 

E■.= Y,^^^x,■ (3.7) 

1=1 

It is easy to see that condition (|3.2|) is satisfied for the multiplication (|3.5|) . The condition ()3.3() 
for a diagonal metric ds^ = J2i 9ii{d\)'^ reduces to E{gjj) = —i^gjj ■ To verify the requirement 
Vxe = (F2) we note that the metrics ()2.29() are potential, i.e. dx gu = dx^gjj, and therefore, 
as is easy to check by a straightforward calculation, VxC = holds if ^{gjj) = . Thus, among 
the metrics (|2.29|) . we need to find those which for some constant 1/ satisfy 

^idjj) = -^9jj and e{gjj) = . (3.8) 

The action of the vector fields e and on a function of the canonical coordinates {Xj} only 
can be represented via the maps of coverings: (£, A) (£, A + (5) and (£, A) — > (£, (1 + e)A) , 
respectively. These maps take a point P of the surface to the points and which lie on the 
same sheet of the covering and have projections X + 6 and (l + e)A on CP^ (i.e. X{Q^) = X{Q) + 6 
and X{Q^) = {l + e)X{Q)). The bidifferential Wq(P, Q) is invariant under the action of these two 
maps, i.e. we have W^{P\ Q^) = Wq(P, Q) and W^{P\ Q') = W^{P, Q) , where and are 
the bidifferentials Wq defined on the corresponding coverings. For the evaluation of TVq(P, Q) 
at P = Pj we have to take into account transformations of the standard local parameter near a 
ramification point: x^-{P^) = Xj{P) and Xj{P'') = \/l + e Xj{P) . 

Then it is easy to see that the requirement E{gjj) = —vgjj is satisfied for a metric of the 
type p.29j) if h{Q) = const X^{Q) and the contour / is invariant under the map A ^ (1 + e)A , 
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i.e. if it is either a closed contour or a contour connecting points oo* and oo^ : 

\ 2 



L, . . . , Itj 



The condition e(gjj) = holds if the combination of a contour / and a function h{Q) = 
const X{Q) in (|2.29() is one of the following combinations. Let us write these combinations 
in the form of integral operations applied to some (1, 0)-form f{Q) on the surface: 

1. li.. [fm := - res A(Q)^/(Q) i = 0, . . . , m ; a 

2. I,. [/(g)] := resA(Q)/(Q) i = l,...,m. 

3. I^.[/(Q)] :=v.p. / f{Q) z = l,...,m. 

4. [/(Q)] := - / A(Q)/(Q) - ^(q-^)„fc / A(Q)/(Q) A: = 1, . . . , ^ . 

5. I,,[/(Q)]:=-L</ /(g) k = l,...,g. 



^b. 

Here the principal value near infinity is defined by omitting the divergent part of an integral 
as a function of the local parameter Zi (such that A = z""'"^) . The number of operations is 
L = ~^ + "^9 ' where Yl^oi^i + 1) = i according to the Riemann-Hurwitz formula 

(EU). 

We shall denote the set of operations 1.-5. by{IjA},i.e. we define t'* G {t*'" ; ; r'^ is'^}- 

Here, is used as a formal index, however, later it will denote a flat coordinate of the flat metric 
of a Frobenius manifold. 

Theorem 4 Let us choose a point Pq on the surface which is mapped to zero by the function 
A, i.e. A(Po) = , and let all basic contours {0^,6^} on the surface start at this point. Let 
the constant matrix q be symmetric nondegenerate and such that det(B + q) ^ . Then, the 
operations I^a applied to fp{Q) ■= Wq{P,Q) give a set of L differentials, called primary, whose 
characteristic properties are listed below. 

Primary differential Characteristic property 

1. ^t.;4P):=lt..4W^{P,Q)] ~ zr^-\P)dz^{P) , P ~ oo^ i = 0,...,m ; 

single valued on C ; a = 1, ...,ni . 

2. (j)^^{P) ■.= 1^^[W^{P,Q)] ~ -(iA(P) , P ~ oo^ i = l,...,m. 

single valued on L ; 

3. (/)^»(P) := I^»[Wq(P,Q)] : res(/>^. = l; res = -1 ; i = l,...,m. 

00' 00'-' 

single valued on C ; 

4. (/)^fc (P) := [Wq(P, Q)] : has no poles, k = 1, . . . , g . 

^AP"') - MP) = -27ri(q-l)fc,dA(P) , 
(l)AP^' ) - (t>AP) = Skj2mdX{P) ; 

5. (j)gk{P) := I^fe[Wq(P, Q)] : holomorphic differential on C. k = 1, . . . , g . 
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Here Zi is the local parameter near oo* such that z""'"^ = \ ; rii is the ramification index at oo^ ; 
(j)[P°'^) — 4>{P) and 4>{P^^) — 4>{P) denote the transformations of a differential (j) under analytic 
continuation along cycles aj and bj , respectively. 

The primary differentials 1.-5. satisfy the following normalization condition (5 is the Kro- 
necker symbol): 



■^"■k n=l 



(3.10) 



Let (j) be one of the primary differentials. Then, the following metrics 

1 A 



dsi 



2 ^ 

■t=i 



r{Pi){dXi 



(3.11) 



belong to the family \2.2y\) . Their diagonal entries gi. 



'{Pi)/2 satisfy the relation e{gii) = 0. 



We shall denote the set of differentials by i.e. we assume that the index t^ belongs 

to the set of indices {f ; v\w^ ; r^ , s''} . 

Proof. According to the assumption made in the theorem, the cycles and bk intersect 
each other at the point Pq such that X{Po) = . Therefore, as can be verified by a simple local 
calculation in a neighbourhood of the point Pq , the order of integration can be changed in the 
integral fj^^ X{P)^}{P, Q) . Similarly, one can prove that the following change of order of 
integration is valid: 



(f ltA[W^{P, Q)] = ItA (f W^{P, Q) + 5^A^,k ; / ItA [W^{P, Q)] = \a i W^{P, Q) 



(3.12) 



Therefore, the normalization ()2.8|) of VFq(P, Q) implies the normalization p.lU|l of the primary 
differentials. 

Now we shall use the invariance of the bidifferential W under the biholomorphic map of cove- 
rings (vC , A) — > {C ,\ + 5) to prove that the unit vector field annihilates coefficients of the metrics 
p.ll|l . The action of the vector field e on (j){Pj) is given by the derivative {d/ d5)(f)^ {P^)\s=o-, 
where (j)^ and P^ are the corresponding objects on the covering (£, A -|- 5) . For the primary 



differential 



we have: 



d 

~ d6 



) do <5=o [ a oo' H J 



— res I z- 

(5=0 I a oo' 



a 



-a+7ii+l 



5 + 0(^2)) M^q(P,P,)| 



1 



Ui + l 



{^^{P)) 



W^{P,Pj)^ 



which is zero for a = 1, . . . , rij -|- 1 (for a = Ui + l this computation shows that e(0^i {Pj)) — 0)- 
For primary differentials (p^i and (p^k the relation e{(j){Pj)) = follows from the invariance of 
Wc^[P: Q) and the path of integration under the map A — > A -|- 5 . For (f) = (f)^k this relation easily 
follows from the vanishing of the combination of periods ()2.8() for VFq(P, Q) . □ 

Thus, we have L (see the Riemann-Hurwitz formula (|2.H) ) Darboux-Egoroff metrics (|3.11j) 
which satisfy the requirements of the definition of a Frobenius manifold. 

The next lemma shows that one uniquely specifies a holomorphic differential by fixing the 
values of combinations of its periods which appear in the right hand side in ()3.1U|) . 
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Lemma 1 Let C be a Riemann surface and M be its matrix of b-periods. Consider a constant 
symmetric nondegenerate matrix q such that the sum (B + q) is also nondegenerate. Then a 
holomorphic differential oj on the surface C vanishes if for every k = 1, . . . ,g 




(3.13) 



Proof. A holomorphic differential to can be represented as a linear combination of the holo- 
morphic differentials uik normalized by the condition §^ .0Jk = ^jk ■ Then, the lemma can be 
proved by a simple calculation using the well-known fact that a holomorphic differential van- 
ishes if all its a-periods vanish. □ 

Proposition 2 Let w be a differential on the Riemann surface having only poles with a given 
singular part and (or) a given non-singlevaluedness of additive type along basic cycles. Then 
the differential w can be uniquely fixed by specifying the values of the combinations w + 
Z^n=i(^~^)rifc w of its periods for each k = 1, . . . , g , where the constant symmetric matrix q 
is such that det(B + q) / . 

Proof. Suppose there exist two differentials with identical singularity structures of the type 
described in the proposition. Then, their difference is zero by virtue of Lemma ^ □ 



3.3 Flat coordinates 

For a flat metric there exists a set of flat coordinates. These are coordinates in which coefficients 
of the metric are constant. The Christoffel symbols in flat coordinates vanish and the covariant 
derivative V^a along the vector field in the direction of the flat coordinate t"^ coincides with the 
usual partial derivative ^^A . Therefore, flat coordinates can be found from equations VxVy t = 
where x and y are arbitrary vector fields on the manifold. The next theorem shows that flat 
coordinates of the metric (|3.11|) can be found by applying the operations \a to the primary 
differential </> which defines the metric. 

Theorem 5 The following functions form a set of flat coordinates of the metric ds^ \S.11\) : 

t*'":= — iui + 1) l.i;i+ni-a U)] = ^— res z°'~'^^~^(t) i = 0, . . . ,m ; a = 1, . . . ,ni 

a — Hi — I oo» 

/•oo' 

:= — l^i[(l)] = — v.p. (/) i = l,...,m 

JooO 

:= — lyi [(j)] = — res X(j) i = 1, . . . ,m 

oo' 

r^ ■.= IA4>\ =^ i ^ k = l,...,g 

s'' -.= 1^(1)] =-i X(p-y^{qr^)kn j> X(p k=l,...,g 



As before, we denote the above functions by {t^} , i.e. we assume t^ S {t*''^ ; ; r^ , s^} . 

Proof. Let us verify that the functions {t^} satisfy equations VxVy t = defining flat 
coordinates of the metric ds^ . These equations can be rewritten for the basis vector fields 
X, y E {<9aj } in canonical coordinates {A^} as follows: 

L 

^A.^A.t = r^i^A.i , i, J = 1, . . . , L , (3.14) 

k=l 
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where Tfj denote the Christoffel symbols for the Levi-Civita connection of the metric ds^ . 

The variational formulas (|2.1()|) for Wq{P, Q) imply the following expressions for derivatives 
of primary differentials: 

(3.15) 

Using (|3.15|) we find the nonzero Christoffel symbols for the diagonal metric ds^ in terms of the 
primary differential (j) : 

Tl = (3^k^^=-ri lork^i- and = - T^, • 

To prove the last equality one uses the fact that the unit vector field annihilates coefficients of 
the metric ds^ Then, system 1)3. 14() takes the form: 

e{t) = const . (3.17) 

To show that the system (|;-i.lfi|) - (|H.17|) is equivalent to (|l-i.l4j) we differentiate (|H.17j) with respect 
to Xj and use the expressions for Christoffel symbols in terms of the primary differential (p ■ 

A straightforward differentiation using (|3.15|) shows that the functions listed in the theorem 
satisfy H3.16() . To prove that ()3.17() holds for the functions {f^} we again consider the transfor- 
mations {t^^} of these functions under the map X ^ X + 5 . Then, we find the action of the unit 
vector field on {t"^} using the relation e{t"^) = {d/d5)t'^^\s=o (see the proof of Theorem^. □ 

The constant in (|3.17|) can be found by the method described in the proof of Theorem El it 
is nonzero (equals —1) only if t is the flat coordinate of the same type as the primary differential 
(f) which defines the metric ds^ . Therefore we have the following corollary which shows again 
that the unit vector field is covariantly constant (F2). 

Corollary 1 The unit vector field e IS. 6\) in the flat coordinates {t^} of the metric ds^ defined 
by the primary differential (p = (p^A^ has the form: e = —O^aq . 

Let us denote by t^ the flat coordinate of the metric defined by the primary differential 
(p^Ao so that e = —d^i . 

For each primary differential (p it is convenient to consider a multivalued differential 
defined by: 

^^iP):= (^v.p. j ^(P^dX, (3.18) 

where the principal value near oo'' is defined by omitting the divergent part as a function of the 
local parameter zq . This differential 

• is singular at the points cxd* . The nonconstant coefficients in expansions near oo* are given 
by the fiat coordinates {f^} of the corresponding metric ds^ . For i ^ we have 

^^(P) = singular part + lv'{ni + l)zr"»-2 ^y] f''^zr^-^ + w'z-^ + 0(1) ) dzi . (3.19) 



The coordinates t^'"' appear similarly in expansion in a neighbourhood of oo'' 
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• transforms as follows under analytic continuation along the cycles {flfc! ^fc} '■ 

a 

^^P"^) - ^4P) = -27ri ^(q-i)fc„r"dA + S^^^^JX - 2TTiicr^)kkS^^^^^dX , (3.20) 

n=l 

^^P'"') - ^^P) = iTTir^dX + 5^^^^,27ridX . (3.21) 

• is such that the combinations from (|3.1UI) of its a- and 6-periods are given by coordinates s'^ : 

(f + X](q"')fcn / ^-.^ = (3.22) 

J Ofc J b„ 

For each (j) the multivalued differential ^'(^ generates the set of primary differentials according 
to the following theorem. 

Theorem 6 Derivatives of the multivalued differential ^'^ \3.1t^) with respect to the flat coordi- 
nates t^ from Theorem\^ of the metric ds^ are given by the corresponding primary differentials: 

(3.23) 



dt^ 

(we notice the independence of this derivative of the choice of a primary differential (j)). 

Proof. Consider the differential S^a^',/,. From formulas 1)3. 19(1 - 1)3.22(1 we see that its pro- 
perties (expansions near the points (X)*, transformations along the cycles {ak]hk} and the nor- 
malization (|3.1U() ) coincide with analogous properties of the primary differential (|}^A . Thus, the 
differentials dpA^if) and (p^A are equal by virtue of Proposition |2j □ 

Corollary 2 The derivatives of canonical coordinates {Xj} with respect to the flat coordinates 
{t^} of the metric ds^ are given by 

Proof We shall use the reciprocity identity daif dg) g=const = -da{gdf)f =const ■ If holds for 
two functions / and g which can be locally expressed as functions of each other and some param- 
eters {pa} , i-e. / = fig',Pi, ■ ■ ■ ,Pn) and g = g{f;pi, ■ ■ ■ ,Pn) ! where da stands for a derivative 
with respect to the parameter pa ■ The reciprocity identity can be proven by differentiation of 
the identity f{g{f;p);p) = f with respect to pa , i.e. d^gdf /dg + daf = . For f{P) = J^o 4> 
and g{P) = X{P) we have 

{dtA r <P)dX = -idtAX{P))<p{P) . (3.25) 
Using and X'{Pj) = we evaluate at the critical points P = Pj to obtain □ 

3.4 Prepotential of Probenius structures 

To complete the construction of Frobenius manifolds we need to show that requirement F3 
holds. This can be done by constructing a prepotential, i.e. a function F of flat coordinates 
{t^} of the corresponding metric ds^ such that 

= c{dtA,dtB,dtc) = dslidtA ■ dtB,dtc) . (3.26) 
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First, we need to define a pairing of differentials. Let uj^^^ and o;^^-* be two differentials on the 
surface C holomorphic outside of the points oo'^, . . . , oo™ with the following behaviour at oo* : 



'^^"^ = E ^^?dz, + A" log a] , P ~ oo\ (3.27) 

n=-n(°') * \n>0 / 

where n^") G Z and c^^j , r^j are some coefficients; = Zi{P) is a local parameter near oo*. 



Denote also for & = 1, . . . , g the coefficients A^^^ to be 

4") := i +j2i^^')kn I • (3.28) 

Ja-k ri=l 

Again for /c = 1, . . . ,g , denote the transformations of differentials under analytic continuation 
along the cycles {o/t; b^} of the Riemann surface by: 

4")(A(P)):= J^Xp'^") - J"\P) , pi")(A)= J^pS^A^ , (3.29) 

s>0 

dqi''\X{P)):=u;^"\p''')-uj^^\P) , g(")(A)= ^ g^^^A^ . (3.30) 

Note that the coefficients defined by (|3.27p - 1)3.30(1 for the primary differentials do not depend 
on coordinates {i'*} in contrast to the analogous coefficients for the differential ^'^ . 

Definition 4 Let uj^"^ and lo^^^ be differentials which do not have singularities other than those 
described by SL^) . The pairing !F[ , ] of such differentials is defined by: 

i=0 \n>0 " + ^ JP^^ -^Po n>0 

a 



(3.31) 



where Pq is a point on the surface such that \{Pq) = . 

Note that the pairing is defined so that the following holds: 

= 1^4^^^^^] and T[^4,AtA = • (3.32) 

Here u)^^^ is any differential for which the pairing is defined. 

The last relation can be checked by a straightforward computation using ()3.12|) and Propo- 
sition [21 Now it is easy to prove the next theorem. 

Theorem 7 Let us choose one of the primary differentials 4> given by Theorem^ and build the 
multivalued differential icl.l8\) . The following function gives a prepotential of the Frobenius 
structure defined by the metric ds^ , multiplication 0^.5]) and the Euler field j^. 7| ) on the Hurwitz 

space Mg-no,...,nm outside the divisor 2?q i2. y\) : 

= , . (3.33) 

The second derivatives of the prepotential F^ with respect to flat coordinates are given by the 
pairing of the corresponding primary differentials: 

dtAdtsF^ = T[(l)tA , 0ifl] . (3.34) 
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Proof. Differentiating the function Ffp H3.33() using ()3.32|) we obtain: 



dtAF^ = ^J^icP.A,^^] + ^^[^0,0tA] = ^[0iA,^<^] . (3.35) 

Since the coefficients defined by (|3.27|) - (|3.3()|) for a primary differential do not depend on 
coordinates, the differentiation of both sides in ()3.35|) gives ()3.34() . To find the third order 
derivatives of the function let us write the vector d^A (using Corollary ^ in the form: 



L 



A straightforward computation using H3.34() . H3.36() and the expression ()3.15|) for derivatives 
of primary differentials with respect to canonical coordinates shows that the third derivatives 
coincide with the tensor c : 

^j-^ = c(8,.,a,..a,c) = --|: . 

□ 

The prepotential F^ satisfies the WDVV system with respect to the flat coordinates 
{f^} . Corollary n implies that (-F,^^^ ) = — ds^ ^{d^A^d^B) . Therefore, the matrix Fi (|1.2() 

is constant since metric coefficients are constant in fiat coordinates of the metric. 

Let us denote by M'^''^ the Frobenius structure on the Hurwitz space M defined by the metric 
ds0 , where cj) is one of the primary differentials from Theorem HI 

Theorem 8 Consider the flat metric ds^ given by iS.ll]) . The nonvanishing matrix entries of 
this metric in the fiat coordinates given by Theorem\^ are the following: 

Tlj + i 

Proof. The proof is given in p. 163 (see also jMj); it uses the relation ds'^{d^A , dis) = 
e {J^[(j)^A , (jifB]) and the representation of the unit vector field e via the action of the map (£, A) — > 
(£, X + 6) as in Proposition ^ □ 

The existence of the Euler vector field E provides the quasihomogeneity ()1.3|) for the prepo- 
tential. Coefficients Va of quasihomogeneity coincide with those of the Frobenius structures in 
[3] (see also ^H); these coefficients are the coefficients of the Euler vector field written in the 
fiat coordinates: E = v^t^diA . They can be found by computing the action of E on the 
fiat coordinates {t'*} as in (|3.9() . The charges v of the constructed Frobenius manifolds can be 
computed from (|3.9|) : they are given hy v = 1 — 2a/ {ui + 1) for cj) = (pp;a ; = — 1 for i;^ = (p^i 
and (p = (Pr'' i 1^ = 1 for (f> = (p^^i and (p = (p^k . A linear combination of the differentials corre- 
sponding to the same charge v can be taken as a new primary differential for which a Frobenius 
structure can be built in the described way. 



4 Real doubles of the deformed Frobenius structures 

Here we shall construct real doubles of the deformed semisimple Hurwitz Frobenius structures 
found in Section |31 We use ideas of the work ^Ij where the real doubles were found for the non- 
deformed Hurwitz Frobenius structures of 0. The construction of is based on the properties 



23 



of the SchifFer and Bergman kernels Q{P,Q) and B{P,Q) given by H2.11() . H2.12() . Analogous 
structures for the deformations of Frobenius manifolds are obtained using the "deformed" ker- 
nels Q and B , i.e. the bidifferentials f2q(P, Q) and Bq{P, Q) 1)2. 18() . 1)2. 19() . Here we simply state 
main theorems; an essential part of the proofs can be found in 14 and Section |21 

In this section we consider the Hurwitz space Mg.no,...,n„i as a space with local coordi- 
nates {Ai, . . . , A^; Ai, . . . , Ai}. We shall denote it by M^f^^J^ „^ . The multiplication in the 
tangent space is again defined by 9^. • dx^ := Sijdx. . The indices i and j range now in the set 
{1, . . . , L;l, . . . , L} and we define A^ := Aj . This algebra obviously does not have nilpotents. 
The Euler vector field has the standard form: E := X^^^^ {^i^Xi + ^idx.) ■ 

Let us fix a point Pq on the surface £ such that A(Po) = , and let all basis cycles {a^, &A:}fc=i 
start at this point. Let us fix a constant symmetric nondegenerate matrix q such that the matrix 
B" + q is invertible (see (j2.2fl|) ). Denote by /(i,o) and /{o,i) the holomorphic and antiholomorphic 
parts of a differential / which can be represented in the form / = /(i,o) + /(o,i) • We say that a 
differential is of the (l,0)-type if in a local coordinate z it has the form /(i.o) = fi{z)dz , and a 
differential is of the (0, l)-type if in a local coordinate it has the form /(o,i) = f2{z)dz . 

Consider the following set of operations. Let res stand for the coefficient in front of dz/z in 
the Laurent expansion of a differential. As before, Zi is the local parameter in a neighbourhood 
of oo' defined by = A(Q) , Q ~ ooV 

For i = 0, . . . ,m; a = 1, . . . , rij we define: 

1. lp:4fiQ)] ■■= - res z-°(Q)/a.o)(Q) 2. I,-[/(Q)] := - res zr-(Q)/,„_,)(Q) . 
For i = 1, . . . , m we define: 

3. lAfm ■■= res A(Q)/(,,o)(Q) 4. := res \{Q)UMQ) 

5. \Afm ■■= v.p. / /a,o)(Q) 6. l^,[fm := v.p. / /(o,i)(Q) • 

As before, the principal value near infinity is defined by omitting the divergent part of an inte- 
gral as a function of the corresponding local parameter. 

For k = 1, . . . , g we define: 

7. :=- / A(Q)/„,o)(Q)- / A(Q)/(o,i)(Q)-^(q"')fei / A(Q)/(,,o)(g) 

Ja.k Jak Jbj 

8. I„.[/(Q)] := / A(g)/(,,o)(Q)+ / A(g)/(o,i)(Q) 

Jbk Jbk 



9. I Aim ■■=^il /a.o)(Q) 

^k = 1 



Let us denote the set of operations by {I^a}, i.e. assume the index to belong to the set 

f * , , u)* , ; ,t^} . Here we use as a formal index; later by we shall 

denote a fiat coordinate on the Frobenius manifold. 
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The operations I^a define primary diff'erentials as follows. 

<^>^A{P):=l^A[%{P,Q)+B^iP,Q)] for C■^^{r^u'=}; 

^^a{P) := I^A [2Re{f)q(P,Q) +Sq(P,Q)}] for ^ G • 

Variational formulas (|2.2.S|) imply the dependence of primary differentials (|4.1j) on canonical 
coordinates: 

d^.A(P) 1 , - , 



Here and <I>^A(o are holomorphic and antiholomorphic parts of the differential (^^a , 

respectively. Relations ()2.22p for the periods of bidifferentials and -Bq imply similar relations 
on periods of differentials ^^a {5 is the Kronecker symbol): 



/ + ^(q ^)kj i ^5^(1,0) = ^i^A,,k and i 

Jafc Jbj Jbk 



6.A,, . (4.3) 



To prove relations (|4.3j) we integrate both sides of equalities (|4.ip over a- and 6-cycles. Due to 
the choice of the point Pq, one can interchange integration and the operations I^a according to 
the rule (|3.12p (note that Wq(-P, Q) and the sum ^2q(-P, Q) + B(^{P, Q) have the same singularity 
structure). 

The primary differentials (|4.1() are alternatively specified as follows. They are differ- 

entials of the form <I>^a = ^^a^-^^ q^ + which are normalized by relations ()4.3p and possess 

the following properties (for proof see Theorem 2 of jl4jl: 

1. ^>i»;c(P) ~ (-zr""^ + 0{l))dzi + 0{l)dzi , P ~ cx)^ <^>t^;c. is single valued on £ . 



2. $,-(P) = $t..(P) . 

3. (P) ~ - dA + 0(1) {dzi + dzi) , P ~ oo* ; is single valued on £ . 

4. <I>,,(P) = $~(P). 

5. <I>^!(P) : res = 1 ; res ^>^i = —1 . <I>^i is single valued on C . 



6. $^,(P) = cI,^.(P) . 

7. $^fe(P) : has no poles; 

«>,,fe(P''0 - ^rfe(^) = 2m6kj{dX - dX); 
^>^ft(P"0 - '^r'^iP) = -2vri (q~^)fcjdA . 

8. (P) : has no poles; 

^>„fc(P''0 - ^«fe(-P) = 27:i6kj{dX - dX) . 

9. <I>gfc(P) : single valued on C and has no poles. 

10. <I>^fe(P) : single valued on C and has no poles. 

Here, as before, A = A(P), and Zi = Zi{P) is the local parameter at P~cxd* such that X = z^^'^^ . 
The indices i , k and i; a take values specified in the definition of operations I^a . 

The next theorem gives the Darboux-Egoroff metrics which satisfy requirements F2 and F4 
(for proof see 1)3. 9(1 . Theorem]^ and ^Ij Propositions 7 and 9). 
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Theorem 9 The metrics of the form 

L L 

ds^ = 2 E ^l.o){Pi){dXi)^ + 2 E K.r){Pi){dhf , (4.4) 

i=l i=l 

belong to the family \2.3^^) . \2.34\ l of Darboux-Egoroff metrics. Here $(i,o) fJ^c^ *^*(o,i) ^^^^ respec- 
tively the holomorphic and antiholomorphic parts of one of the primary differentials: ^{P) = 
<I>(i,o)(-P) + $(o,i)(P). The metric coefficients satisfy e{^^^ Q^{Pi)) = 0, e(<I)^(, ^^(Pi)) = and 
E($2 = -i^^a,o)(^i)> Ei'^l,i)iPi)) = -^'^l-,,l)iP^) for some constant u. 

A set of flat coordinates {^^} := v^,v\w\w^; r'^ , s^ ,t'^} (see Section ESI) of the 
metrics ds| (|4.4j) is given by operations I^a apphed to the primary differential <I> which defines 

the metric (see Theorem |21 and |14| Theorem 7). Namely, the flat coordinates of ds^ are given 
by: 

fori = 0,...,m; a = l,...,ni : := -(n, + l)I^,^,^„^_J$]; := -(n, + l)I^___[$]; 

fori = l,...,m : := ; := ] u;* := ; u;* := ; 

for A; = : r^:=l^k[^; u'' := ; s^:=\k[^; t'' := . 

As before, the unit vector field e is a vector field in the direction of the flat coordinate which 
has the same type as the differential defining the metric. Namely, in the flat coordinates of the 
metric ds| with $ = ^^Aq , the unit held is given by e = —O^Aq . We shall denote this coordinate 
by so that e = —d^i . 

Lemma 2 In the Hurwitz space outside the submanifold defined by \2.2U\) . the derivatives of 
canonical coordinates {Aj ; Aj} with respect to fiat coordinates {i"^} of the metric ds| are given 
by 

dXj _ V(i,o)(P») d~Xi _ V(o,i)(fO 

d^^ ^(i,o)(i^i) ' ${o.i)(^'i) ' 

where ^{P) is the primary differential which defines the metric. 

The proof of this lemma repeats the proof of Lemma 4 in jl4j . 

The analog of the multivalued differential 1)3. 18|) in the construction of real doubles is 

^4P) = fv.p. / «>(i,o)) dX + fv.p. / ^,0.1)) dX . (4.5) 

The multivalued differential ^'.5 again generates the set of primary differentials according 
to the relation d^A"^^ = $^a . 

A prepotential of the Frobenius structure can be found with the help of the pairing of 
differentials which we shall deflne now. 

Let uj^"^ (P) , a = 1,2 . . . be a differential on £ which can be written as a sum of holomorphic 

and antiholomorphic differentials, w*^") = uJ^il) + ^[0}) , which are analytic outside of inflnities 
and have the following behaviour at P ~ 00* (zj = Zi{P) is a local parameter at P ~ cxd* such 
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that Zj""'"^ = A ): 



iP) = E ^^?dz, + -^,d r^y- log a) , 

oo / 

where n^"\n2"^ E Z ; and c^j^i* , r^^j , c^"] , are some complex numbers. Denote also for 
k = 1, . . . , g the combinations of periods: 



(4.6) 

'(0,1) ^ - ^n,i ^ T" I ' n,i ^" log ^ ' 



4") := I +Y,{^'%, 


f ^^(a){i,o) : 
Jb, 




:= / ; 


and the transformations along basis cycles: 








dp^:\\{P)) :=a;£i(P"'=)- 






s>0 


dpf{\{P)) :=4S)(^'^^)- 








dg(")(A(P)) :=4"i(P^'=)- 






=E^;?A^ 


dqf\\{P)) ■.= J^,{P'^)- 




9f (A) 


s>0 



(4.7) 



(4.8) 



Note that if the differential co^'^^ is one of the primary differentials 1)4. ip . the coefficients 
defined by (|4.6jl - (|4.8jl do not depend on coordinates {^'^j. 

Definition 5 For any two differentials w^"^ and uj^^^^ which can be represented as a sum of 
holomorphic and antiholomorphic differentials, w*-"^ = , and have only singularities 

of the type \4.b}^ , {4-^ , the pairing JF[ , ] is defined by: 

^[.(") , .(z^)] := E E TTT + ^^t-p- / -;S) - v.p. / E -SA«.g 

{^) i i 

poo poo 

+ ^ E (- £ '^i"^(A)-fS) + £ 4"^(A)-S) + £ pr^(A)-;S) 

- ^ p(")(A)..;S, + ^ 0;^ - ( / -fS) + E(q-^).. / -fS) ) ) • (4.9) 

As before, Pq is a point on C such that X{Po) = 0, and the cycles {a^, b^} all pass through Pq . 

The next theorem gives a prepotential of the Frobenius manifold, i.e. a function of flat coordi- 
nates {^'^l which satisfies the WDVV system. 
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Theorem 10 For each primary differential^ consider the dijferential ^^{P) (^3p, multivalued 
on the surface £ . Consider the Frobenius structure defined by the metric ds^, j^.^l ), multiplication 
law • dx- = 5ijd\. ; z, j G {1, . . . , L; 1, . . . , L} , Aj := Aj , and the Euler vector field E = 

'Y^'^^i {^idx- + Aj(9^.) . This Frobenius structure is defined on the manifold MJ!'^J „^ outside 
the submanifold Pq of codimension one given by the equation det (B" + q) = . The prepotential 
Fif, for this Frobenius manifold is given by the pairing i4.y[ ) of the differential with itself: 

F^ = ^J'i^^ , . (4.10) 
The second order derivatives of the prepotential are given by: 

dcAdcsF^, = !F[^eA , <I>tsl — 6tA gkStB jfc + 5cA tkScB gk . (4-11) 

Two last terms in | |^.ii| ) do not vanish only for the primary differentials ^^k and ^^k when 
the pairing T is not commutative. The third order derivatives coincide with the tensor c : 
d^Ad^Bd^cF^ = c{d^A,d^B,d^c) := ds| [d^A ■ d^B,d^c) . 

The proof of this theorem is analogous to proofs of Theorem [7| and Theorem 11. 

The quasihomogeneity factors {i'a} (!l-»"i|) for the constructed deformations of real doubles of 
Frobenius manifolds coincide with those for the undeformed real doubles fp4]. Proposition 11). 

Let us denote the constructed deformations of real doubles of Frobenius structures by 

r?real * , q 

The charges u (see Definition |^ of the manifolds Mg^^J* '.^^^ are as follows: if one chooses 
$ := ^ti;<^ or $ := the charge is = l-2a/{ni + 1) ; for $ := $ := ^^j, $ := $^fe 

or <I> := $„fe the charge is v = -I ; for $ := ^^i, $ := $ := ^^k or $ := the charge 

is v = 1 . 



5 G-function of the deformed Frobenius manifolds 

The G-function is a solution to the Getzler system introduced in The system is defined on 
an arbitrary semisimple Frobenius manifold. It was shown in [3] that the Getzler system has a 
unique quasihomogeneous solution and that this solution has the form: 

G = ^og-j^^. (5.1) 

Here J is the Jacobian of transformation from canonical to the flat coordinates, J = det (dx.t") ; 
and Ti is the isomonodromic tau-function of the L-dimensional Frobenius manifold defined by 

^ = 1 E /3^(A.-A,), ^ = 1,...,L. (5.2) 

The G-function ()5.1() of Dubrovin's Hurwitz Frobenius manifolds ^1 for the space of two-fold 
genus one coverings was computed in |^. In ^IQ^ the G-function was computed for an arbitrary 
Hurwitz Frobenius manifold of As it was proven in the isomonodromic tau-function Tj 
for Hurwitz Frobenius manifolds can be expressed in terms of the so-called Bergman tau-function 
Tw on Hurwitz spaces: r^y = Tj"^ , where the Bergman tau-function is defined as follows. Denote 
by the following term in the asymptotics of the kernel W{P, Q) (|2.2|) near the diagonal 
P~ Q : 

WiP, Q) =^ + S-i.iP)) + oil)) d.iP)d.iQ) 
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(the quantity 6S^ {x{P)) is called the Bergman projective connection [^). Choosing the local 
parameter to be Xi{P) = y/X — Xi , we denote by 5f the value of S*^ at a ramification point 
Pi : 

Sr = S'^ixi) . (5.3) 

Xi=0 

Since the singular part of the VF-kernel in a neighbourhood of the point Pi does not depend 
on coordinates {Xj}, the Ranch variational formulas H2.4|) imply d\.SY = W'^{Pi, Pj)/2 . The 
symmetry of this expression with respect to the indices i and j provides the compatibility for 
the system of differential equations which defines the tau-function t^, : 

^ = -isr, i=l....,L. (5,4) 

The G-function of the deformed Hurwitz Frobenius manifolds can be computed analogously 
to the method of 11 IL 



Theorem 11 The G -function 115. 1\) of the deformed Hurwitz Frobenius structures M'^''^ is given 
by 



(5.5) 



the Bergman tau-function on the Hurwitz space is given by formula (1-5) from the paper 
\lUl - The G-function \5.5\) is defined on the Hurwitz space M outside the divisor 2?q given by 
the equation det (B + q) = . 

The constant ^ log {det q} is added in the right hand side to normalize the G-function so 
that it coincides with the G-function of [Hj as q tends to infinity in such a way that tends 
to W (the function G is defined up to an additive constant). 

Proof. According to the general formula (|1], p. 36) the Jacobian of a Frobenius manifold 
is up to a constant given by the product of square roots of all nonvanishing coefficients of the 
Darboux-Egoroff metric ds^. Therefore, the Jacobian J for the Hurwitz Frobenius manifold 
M'^-'i is given by J = 2-^1^ ^{Pi^ . 

To compute the isomonodromic tau-function (|5.2() for deformed Hurwitz Frobenius mani- 
folds M'?^''! we introduce a deformed Bergman tau-function Tyy^ . The analogous to S"^ coeffi- 
cient S'^i(x(P)) in the expansion of Wq{P,Q) near _P ~ Q ~ Pj is given by 5^'^'' = 5f — 
2^^Sfc«=i(® + ^ki^k{Pi)^i{Pi) ■ As a corollary of the variational formulas (|2.1fl|) . we have 

dx,SY'' = \wl{n,P,) = 2(5l, (5.6) 
which allows to consistently define the tau-function as follows: 

^ = -^5-, i = l.,,.L. (5,7) 

As is easy to verify using the definitions H5.4() and H5.7() of Tw and Tw^-, the "deformed" and 
"undeformed" tau-functions are related as follows: 



= rM/det(B + q) 
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Indeed, differentiation of the logarithm of this expression with respect to a branch point gives: 
9a, log{r^y det(]B + q)} = -5f /2 + tr{(B + q)-'^dx,(M, + q)} . The matrix q is independent of 
the branch points; using the derivatives of the matrix B given by the Ranch variational formulas 
{\z.o\) we prove that dx^ log{rw det(B + q)} = S^"/! . 

Now, let us prove that the isomonodromic tau-function Tj^q defined by ()5.2|) for the manifolds 
j\^0.q is given by Ti^q = (tw^)'^^"^ ■ First, we use relations 1)5.6(1 to rewrite the definition ()5.2() 
of Ti^q in terms of the quantities S^^ . To complete the proof it remains to use the equations 
6(5^") = Zj=i dx.SY'' = and E{SY'') = E^=i ^idx^SY^" = S^'' which can be proven 
analogously to the similar relations ()3.8j) for coefficients of metrics ()3.11|) . □ 

The following theorem gives an expression for the G-function of the manifolds M'^'"^'*''^ . 

Theorem 12 The G- function of the deformations M''''^'*''^ of real doubles of Hurwitz Frobenius 
manifolds has the form: 



G 



log { \t^\^ det (lmB(B" + q)q-i)} " ^ log |[] «5(i,o)(Pi)^(o.i)(^'i)| + const , (5.8) 



where Tyy is given by formula (1-5) of [1 Ul. The G-function \5.t^) is defined on the Hurwitz space 
j^real Q^fg^d^ ^/jg submanifold given by the equation det (B" + q) = . 

The constant ^ log {det q} is added in the right hand side to make the G-function (|5.8|) coin- 
cide with the G-function of real doubles of in the limit when the construction of deformations 



reduces to that of [Hj . 

Proof. The G-function (|5.8|) can be computed analogously to the G-function ()5.5|) of the 
Frobenius manifolds M*^'** by proving (similarly to jllj . see also 14 ) the following expression 
for the isomonodromic tau-function defined by (|5.2() : Tj^q = (rn^)"^/^ . (Note that the dimension 

of the Frobenius manifold M^"^^^"^'*^ is 2L .) The function is another analogue of the Bergman 
tau-function on Hurwitz spaces; it is defined as follows. Denote by S^"^ the analogous to SJ^ 
coefficient in expansion of the bidifferential 0,q(P, Q) when both arguments are in a neighbour- 
hood of the ramification point Pj . Then, the following differential equations define the function 

^A~-"2^^ ' ^A~-"2^^ • ^^-^^ 

Using differentiation formulas (|2.6() and ()2.17|) for the matrices B and B*^ , respectively, we prove 
that 

Tfj^ = Ir^yp det(ImB) det(B" + q) . 

According to the general formula (|^, p. 36), the Jacobian J for the manifolds M''*"^'*''' has 
the form: J = 2~-^nf=i ^(i,o)(-Pi)^(o,i)(^'i) • Substitution of this expression and the expression 

1/2 

for the isomonodromic tau-function Ti^q = (jryy |2det(ImB)det(B" +q)) ' into (Ol) proves 
the theorem. □ 
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6 Examples in genus one 



The bidifferential Wq{P,Q) (|2.7j) is only different from W{P,Q) in genus g > 1, therefore the 
deformations of Hurwitz Frobenius structures are constructed only in positive genera. 

Consider the simplest Hurwitz space of two-fold coverings of genus one. According to the 
Riemann-Hurwitz formula 1)2. such coverings have four ramification points. Let one of them 
be over the point at infinity and denote the remaining three by Pi, P2, P3 . These coverings 
can be defined as the pairs (£,A(C)) where £ is the torus £ = C/{2'w,2'w'}, w,w' G C, and 
A : £ ^ CP^ is the function 

p is the Weierstrass elliptic function and c is a constant with respect to ? . The ratio fj, = w' /w 
is the period of the torus, it is the 5-period of the unique normalized holomorphic differential 
w(<j) = d(;/{2w) , i.e. ^ = . The pair (£, A) depends on three parameters: w,w' and c. 

The branch points Ai, A2, A3 of the covering can be expressed in terms of these parameters. 
The (^-coordinates of ramification points are solutions to the equation A'(<f) = 0. This equation 
has three solutions in the domain C/{2w,2w'} due to the following relation on the p-function: 

{p{z)f = 4 {p{z) - p{w)) {p{z) - p{w')) {p{z) - p{w + w')) , 

where p{w) + p{w') + p{w + w') = . Hence, the branch points of the covering are given by 
Ai = p{w) + c; A2 = p{w') + c; A3 = p{w + w') + c . The local parameter in a neighbourhood 
of a ramification point Pi is Xi{P) = X{P) — Xi ■ The branch points Ai,A2,A3 play the role 
of local coordinates on the space of pairs (£, A) ; they are canonical coordinates on Frobenius 
manifolds. 



6.1 3-dimensional Frobenius manifold and Chazy equation 

Here we give explicit formulas for ingredients of the Frobenius structure Alf.^'^ on the Hurwitz 

space Mi-i outside the divisor Dq defined by the equation = — q for some nonzero constant 
q S C . The differential (ps (see Theorem |^ is given by 

M^) = 1^ iw^{,,,~) = -^u;i,). (6.1) 
27n Jf, ^ + q 

The set of flat coordinates from Theorem of the metric ds^^ (|H.llj) is formed by the following 
three functions: 

/ 1 r^^+'iw ^- ^ 

ti := s = - <* A(/>s = -— / (p(0 + c)d? = --p^7 - c 



2w Aw"^ /i + q 2«; 



t2 := = res ^ f ^ (t>^ dX = , (6.2) 



27ri Ji, 27rz /x + q 
Here 7 is such that f^^'^^ p{'i)d'^ = 7Ti-j/{2w) for any x G C , i.e. 



1 e'{'{0;fi) 
^^^^ = 3^^1(0^ • 
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The metric ds^^ in coordinates ()6.2() is constant: ds^^ = {l/2){dt2)'^ — Idtidt^ . The prepotential 
(|m^3|) has the form 

I2I2 4 f 1 f 27rit3 \ 2 \ ^ A\ 

F - -^tlt2 + 2*1*3 - (^(i_2^,t3/q)2T (^l_2^ii3/qy ^ q(l - 2^^t3/q) j ' ^ ^ ^ 

This is a quasihomogeneous function: it satisfies F^^{Kti, K^/'^t2, n'^t^) = K?F^^{ti,t2,t'i) for 
any nonzero constant k . The Euler vector field ()3.7() in coordinates 1)6.2^ has the form: E = 
hdt, + {l/2)t2dt, . _ 

To compute the function G (|5.5jl for the manifold Mf"^'^ we use the following expression 

_^ ,^ / ^ \ -1/12 

for the function Tw on the space Mi-i (see ^0]): t^, = rf{^) {2w) ' (ni=i'^(^«)) where 



rj{fi) is the Dedekind eta-function r/(;u) = (0^(0))^/^ . Then, we have for the G-function: 

In |Sj a relationship was established between the 3-dimensional WDVV system and the Chazy 
equation 

/'" = 6/r-9/'2. (6.5) 

Namely, the function of the form 

F = -\titl + \t% - |^4/(27rit3) (6.6) 

satisfies the WDVV system iff the function / is a solution to the Chazy equation. The function 
7 (|6.3() satisfies the Chazy equation, and the Frobenius manifold of has the prepotential 
(|6.6() with / = 7 . We shall call the Frobenius manifold Mf.^ the Chazy Frobenius manifold. 

The group SL{2,C) maps one solution /(/i) of the Chazy equation to another solution /(/i) 
as follows: 

/(/^) = /f^l^-^-^, (" ^l€SL(2,C). (6.7) 

Therefore there exists a 3-parametric family of Frobenius manifolds of the form ()6.6|) : 

^ I o Ir, T^i A ( ( a27riU + b\ 1 2c \ , , 

F = — titl + -t?t3 4 7 7 • (6-8 

4 ^ 2^ 32 ^ V Vc2vrit3 + dy (c27rit3 + (i)2 c2Trit3 + d J ^ ' 

In the case of integer coefficients a ,b ,c,d , (|6.8j) coincides with (|6.6j) with f = "f ■ 

The manifold M|^^''' (|6.4|) gives a realization of a one-parameter subfamily of manifolds (|6.8j) 
for a = l, 6 = 0, c=— 1/q, (i=l. Thus we call it the deformed Chazy Frobenius manifold. 

6.2 Relationship to isomonodromic deformations 

It was shown in that the functions 



— ^ ( 2(i^log04 + , ^^2 = i ( 2d^log^2 + 



1 / . . „ 1 
9pf 



^3 = ^932 log 6*3 + 



(6.9) 
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— 0,2^3 5 ~; — — 7^^1^3 ) , — —7 —0,10,2 



satisfy the system of equations 

^ ^ ^ ^_ ^^^^^^ ^ _ 

dx X ' dx X — 1 ' dx x{x — 1) 

+ + = -1/4 



(6.10) 



where 



^ _ A3 — Ai 
A2 — Ai 



The correspondence of notation in [Ij to the one we use here is as follows: = Q^, = 

= —iO,2, aP = A3, = A2, A^ = Ai and i/x^ = /i . The one-parameter solutions ()6.9() 
were obtained as a certain limit of the general two-parametric family of solutions of ()6.1U|1 found 
in [Hill. 

For any solution (72; ^^3} to the system (|().1()|) the formulas 

ii^ i7i rio 

Ai — A2 A2 — A3 A3 — Ai 

give rotation coefficients of some metric on the space Mi-i which corresponds to a locally defined 
Frobenius structure {W, Proposition 3.5). The above system 1)6. 1U() implies the flatness of this 
metric (equations (|2.25|) - (|2.26|) ) and the following relation on the rotation coefficients: 



Y,>^kdxjij = -^ij . (6.12) 



k=l 

Proposition 3 The rotation coefficients of the deformations Alf.'^ of Frobenius structures Mf.^ 
coincide with the coefficients i6.11\) built from the solutions fij it 6'. y\) to system \6.1U\) . 

Proof. The space Mi^i is the space of coverings of CP^ which have four simple ramification 
points Pi, P2) P3 and 00 . The Frobenius structures Mf'^ described in Section |31 have rotation 
coefficients /3i2 = Wq(Pi,P2)/2, /3i3 = Wq(Pi,P3)/2 and ^23 = W^{P2,P3)/2. Let us choose 
the a-cycle to encircle points Pi and P3 , and the 6-cycle to encircle P2 and P3 . Then we have 

where w is the normalized holomorphic differential uj = d\ j {aw^J (A — Ai)(A — A2)(A — A3)^ . 
For the bidifferential W{P, Q) := dpdq \og6i{Jp iv) , using relations (|6.13|) . we get 

T^(Pl,P2) = -Cj(Pi)cj(P2) J , VF(Pi,P3) = -CoiPiMPsS , 

^3 ^2 

W{P2,P3) = -U:{P2MP3)^ , 

where Oiiz) = -6'[l/2, l/2](z) and 62 = 6'[l/2, 0](0), 6*3 = 6'[0,0](0), 6*4 = 6'[0, l/2](0) are the 
standard theta-constants. Then, using the Thomae formulas 

7r^9l = {2u;)\X^-Xi) , Oj = {2u;)^ {X2 - X^) , tt^ 61 = {2u;)\X2 - Xi) , 
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and the heat equation for theta functions, d'^^6\p, q]{z) = Anidf^Olp, q]{z) , we find that the 
rotation coefficients Pij = Wq{Pi,Pj)/2 are given by (|6.9|) . □ 

The system (|6.1U() arises in the context of isomonodromic deformations of the matrix differ- 
ential equation 

fA^ A^ , 



dX \ X X-1 X-x 

where A^,A^,A'' e s/(2, C) and ^ £ 5L(2,C) . A solution ^ to this system has regular 
singularities at the points A = 0, A = l, X = x and A = oo . Monodromy matrices are 
defined for a closed path 7 : [0, 1] ^ C \ {0, 1, x} encircling a singularity by 

M/(7(l)) = ^'(7(0))M^ . 

The isomonodromy condition is the requirement for monodromy matrices to remain constant as 
X varies. This is equivalent to the Schlesinger system for the matrices A : 

dA^ _ dA^ _ [A^,A^] dA^ _ [^^,^"] [A'=,A^] 

dx X ' dx X — 1 ' dx X X — 1 

This system implies that the functions tv{A^)'^, tr(^"'^)^, tr(^^)^ are constant. If we fix them to 
be all equal 1/8 then the functions 

nl = -(i + trA^A-), nl = -(i + tr A^A-), = -(i + tvA'^A^) 

give a solution to the system ()6.1U|) . The system ()6.1U|) is also equivalent to the Painleve-VI 
equation with coefficients (1/8,-1/8,1/8,3/8) , see jS], Appendix E, and [TI^IH]. 

6.3 Real double of deformed Chazy Frobenius manifold 

Let us fix an imaginary constant q and consider the real Hurwitz space Ml'rf'^ with coordinates 
{Afc; Afc} outside the subspace defined by /u" = — q, where fi" := fJ-fi/ip- — fi) = ^j^^il(P, Q) . 
The construction of a real double M^fj^'*'"'' of the deformed Chazy Frobenius manifold Alf.^'*^ 
is based on the primary differential $s (see (|4.ip ). The differential $s on a genus one surface is 
given by 



= ^^(0 + ^^(0 • (6.15) 

The set of flat coordinates {C^} of the corresponding metric ds|^ 1)4. 4|) is given by the following 
six functions: 

ti:=s = T^TpW + c)^| - /(P(0 + c) , 

n.i q /U 1 q 
t2 ■■= t°'' = -H— , t3:=r 



/i" + q /i — /X w ' /z" + q 2TTi ' 

t,:=t = -^^Rel^ r^'(p(,)+c)^| , 

t5 ■■= t"'' = t2 , te:=u = ^^ — ^^ . 

+ q 2m H — fi 
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The metric ds^,^ in these coordinates is constant: ds|^ = {(^2)"^ /2 + [dt^)"^ /2 — 2dtidt'^ + 2dt4dte . 
The prepotential (|4.1()|) has the form: 

1 2 1 2 1 2 1 / In 
i^j., = -^tih - ^*i*5 + 2^1*3 - -tiU{2tQ - —) 

-1 A 2 / 1 N 1 2 1 2 / In 1 2 2\ 

+ *3 \^4*2*4(i6 - + 4*4*5*6 + 2*4*61*6 - + Y^*2*5 J 



(6.16) 



32 ' V 47ri(t6 - *3/q)2 V*6 - *3/qy 27rit3(*6 - *3/q), 

- r/^ (-is^^ ^ (r^) - . .3-'(2..» - 1,-) . 

The prepotential -F<i, is a quasihomogeneous function: for any nonzero constant k it satisfies 

F^^{Ktl,K^/^t2,K°t3,K,ti,K^/\,K%) = k'^ F^^{tl, . . . ,te) . 

The Euler vector field 1)3 .71) in coordinates H6.2|) is given by: E = tidt^ +t2/2dt2 +*49t4 +h/2dt^ . 
The G-function H5.8|) up to an additive constant has the form: 

G = -logL( V ( ^^^'j it2t,fs ( ' 1 , (6.17) 

r V*6-*3/qy ' Vl-2vrit6y ^ ^ V(*6-*3/q)(2vrii6-l)y | ^ ^ 



where we used the following relation for the Dedekind function: ry(/i) = T]{—p,) . 

The G-function (|6.17|) and the prepotential (|6.16)) coincide with the corresponding objects 
of the real double construction of 14 in the limit q ^ oo . 



Open problems 

Proposition |31 of Section 16.21 shows that rotation coefficients of the flat metric of the simplest 
deformed Frobenius manifold M^^''* are given by formulas (|6.11|) with {f^i, O2, J^s} being a one- 
parameter family 1)6. 9(1 of solutions to the system ()6.1U|1 . The general solution to the system 
(|6.1flj) which was found in [3 depends on two parameters. For this solution, formulas (|6.11j) 
define rotation coefficients which also correspond j3| to a Frobenius structure. The natural 
question is to find those structures which give a two-parametric deformation of Dubrovin's 
Hurwitz Frobenius manifold in genus one. The second problem will be to possibly generalize such 
deformations to Hurwitz spaces in arbitrary genus and find real doubles of obtained structures. 

Present work provides an indication that the construction of "real doubles" of Dubrovin's 
Hurwitz Frobenius manifolds, proposed in ^1], might have a universal character. To find a 
natural real double construction for an arbitrary Frobenius manifold and to clarify its meaning 
in applications to quantum cohomologies and other areas where Frobenius manifolds play a 
significant role is an interesting direction for further study. 



Acknowledgments. I thank D. Korotkin for useful discussions. 
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